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Abstract 

Motivated by application to multiple M5-branes, we study some properties of non-Abelian 
two-form gauge theories. We emphasize that the fake curvature condition which is commonly 
used in the literature would restrict the dynamics to be either a free theory or a topological 
system. We then propose a modification of transformation law which simplifies the gauge 
transformation of 3-form field strength and enables us to write down a gauge invariant action. 
We then argue that a generalization of Stueckelberg mechanism naturally gives mass to the 
two-form gauge field. For the application to multiple M5-branes, it should be identified with 
the KK modes. 
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1 Introduction and summary 



The description of multiple M5-branes has been a long-standing challenging issue for string physi- 
cists. The precise formalism of this system will enable us to understand non-perturbative properties 
of string and gauge dynamics such as duality As a supersymmetric theory, it is supposed to be 
described by an interacting two-form self-dual gauge field with its super-partners, and called a (2, 0)- 
theory. Recently, there was a proposal [U Ej to describe multiple M5-branes as non-perturbative 
dynamics of D4-branes, instead of 6D two-form gauge fields, with the instanton number correspond- 
ing to the KK momentum. While this is a possible scenario, there are still various proposals to 
formulate non-Abelian two-form gauge fields [3j IU El EJ [7J . 

In the mathematical literature, the geometry described by a non-Abelian two-form gauge field 
is referred to as the non-Abelian gerbe [8] and has recently been rapidly developed. A readable 
review [9] on this subject was published a few years ago. There is a general description of two-form 
gauge fields in terms of the crossed module. It is natural to apply this general framework to the 
(2,0)-theory [2 [7]. 

In this note, after a short review of [9], we explain in §|2] a constraint on gauge fields which 
simplifies the gauge transformation. In [9], it was emphasized that this constraint, which demands 
the so-called "fake curvature" to vanish, is necessary to define a Wilson surface which describes the 
parallel transportation of a string. Here we point out that it is also natural to introduce such a 
constraint in order to define the gauge-invariant action, as well as defining a gauge symmetry for 
gauge parameters, which is an essential feature of the Abelian two-form gauge field. 

In §|3l after defining an action which implement such constraint, we argue that this constraint 
restricts the system too tightly. In particular, we show that the curvature may have nonvanishing 
component only in the center of Lie algebra. For some examples of crossed modules considered in [9] , 
the physical system associated with such gauge fields reduces either to a free system or a topological 
BF-type gauge theory. In this sense, it seems hard to apply it directly to the (2,0)-theory as it is. 

In §JH we propose a modification of the transformation laws for a special case of crossed modules 
which is a generalization of [4]. A noticeable feature of this construction is that the field strength 
transforms covariantly without the necessity of imposing any constraint, as opposed to the situation 
of a generic non-Abelian gerbe [9]. This enables us to write an action for such a system without 
constraints. It also ensures the existence of a gauge symmetry for the gauge parameters, which is 
again a desirable feature. The action and its equation of motion are analyzed. We find that in 
general the two-form gauge potential acquires mass after a generalized Stueckelberg mechanism. 
This may be disappointing to identify them as the massless two-form gauge potential in the 6D 
(2, 0)-theory. On the other hand, this is natural from the viewpoint of [4], where the massive 2-form 
potential are the KK modes of the two-form potential due to the compactification on a circle. 

Finally, we describe how non-Abelian gerbes can be constructed geometrically by gluing lo- 
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cal patches together via transition functions on a manifold in £j5j This will allow us to discuss 
topologically nontrivial non-Abelian gerbes. 

2 Non-Abelian gauge symmetry for two-form gauge 
potential and constraint 

We review the basic construction of the gauge symmetry for two-form gauge potential following 
Ref.[9] and we use the same notation as much as possible. 

Unlike the Abelian case, the non-Abelian gauge symmetry for two-form gauge field B is realized 
with the help of 1-form gauge field A. While they can take their values in different Lie algebras, 
say A £ g (g is the Lie algebra for a gauge group G) and B £ h (h is the Lie algebra for a gauge 
group H), there should be a set of maps (homomorphisms) , t : H — >■ G and a : G — > Aut(ff) which 
relate these two Lie groups. Here Ant(H) is the automorphism group of H. (Fig. [Q These maps 
are constrained by two conditions 

a(t(h))(ti) = htihT 1 , t{a{g)h) = gt(h)g- 1 (1) 

for any g £ G and h, h! £ H. We denote the Lie algebras of G and H as g, h. The differential form 
of the homomorphisms t, a are written as t, a, respectively. The consistency conditions (II]) become 

<MvW) = [y,vl Ua{x) y ) = [x,t(y)\ (2) 

for any x £ g and y, y' £ h. Since they are homomorphisms, it implies 

t([y,y'}) = \t{y),t(y% a([x,x']) = \a(x),a(x')] : a(x)([y,y']) = \a(x)(y),y'] + [y,a(x)(y')] (3) 

for any x, x' £ g and y, y' £ h. The set (G, H, t, a) which satisfies these constraints is called a crossed 
module. While G and H can be arbitrary, the existence of maps t, a gives a severe constraint on 
them. For example, one may wonder if one can define two-form gauge symmetry without one-form 
by choosing G to be trivial. However, this forces t = and the first consistency condition in (J2]) 
implies that H is Abelian. 

A few examples of crossed modules are following: 

(I) G is an arbitrary Lie group, H = G, t is the identity map, and a(g)(h) = ghg^ 1 (g,h £ G = 
H). 

(II) G is an arbitrary Lie group, H is a vector space which realizes a representation (say p) of G 
(As a Lie group, H is Abelian), t{v) = 0, and a(g)(v) = p(g)v (g £ G and v £ H). 
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Figure 1: Crossed module 

(III) G is a semidirect product G = K x V, where K is any Lie group, and V is a vector space 
which realizes a representation (say p) of K. Group operation of G is given as (k, v) ■ (k' , v') = 
(k ■ k',v + p(k)v'), where (k,v) G K K V. We also let H — V, t(v) = (e,v) G G, where e is 
the unit element in K, and a((k,v)(v')) = p{k){v'). 

The third example is more involved but plays an important role in section |H Since there are a 
variety of choices for crossed modules, we will keep general notation such as t, a. We will refer to 
these three examples by the labels (I), (II) and (III) below. 

We denote the gauge fields on a manifold M. with local coordinate x l (i = 1, • • • ,dimA^) as 
Ai(x)dx l G g and B i j(x)dx' 1 Adx^ G h. The gauge transformation is specified by a function g(x) G G 
and a one- form ai(x)dx t G h such that 

= gAg- 1 +gd i g- 1 + t(a 4 ), (4) 
B' i:j = a(g)(Bij) + a(M i )(a j ) - a(M j )(a i ) + didj - djdi + [a { , a,j]. (5) 

The corresponding infinitesimal gauge transformations are 

SAi = di\+ [Ai,X] +t(a,i), (6) 
5Bij = -a(X)(Bij) + didj - + a(A i )(a j ) - a(A j )(a i ), (7) 

where A G g and a\ is the infinitesimal version of the same symbol appearing in ( 141151) . This 
transformation is consistent, that is, the gauge algebra closes, 

[V),o«i^( 2 ),o( 3 )j =^A(3),a(3)i ( 8 ) 

with 

A (3) = [A (D )A (2)] ) (9) 

of = a(\U)(af) - a(\W)(af) . (10) 

In the following, for simplicity, we refer to a geometrical system of gauge potentials (Aj,Sy) with 
such gauge transformations as a "non-Abelian gerbe" , while this terminology seems to be used in 
more restrictive sense in mathematical literature. 
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There are two types of curvatures associated with the two gauge fields Ai and By. For the 
one-form A iy we have an analog of field strength which is called fake curvature in [9]: 

Tij := diA 3 - djAi + [A^, Aj] - t_{B i3 ) eg. (11) 

Under gauge transformation (T4][5|) . it transforms homogeneously, 

J% = gFag- 1 ■ (12) 

For the two-form Bij, the three form field strength (2-curvature) is defined as 

Zijk = Yl (diB jk + a(A)(B jk )) . (13) 

(3) 

Here Y2(3) represents a sum over cyclic permutations of (ijk) that makes the expression totally 
anti-symmetric in all indices. Zij k transforms as 

Z' ijk = a(g)(Z ijk ) + • (14) 

(3) 

The second term breaks the homogeneity of gauge transformation of Zij k while the appearance of 
such term is natural. It gives rise to an obstruction to gauge invariant action in the simplest form 
L ~ "}2iijk{Zijk) Z l i k ). In order to avoid such obstacle, it may be possible to introduce a constraint 

JFij = (15) 

on Ai. This constraint is covariant as the fake curvature transforms homogeneously. In [9], this 
constraint is motivated to define the parallel transport along a surface consistently. 

The fake curvature and the 2-curvature satisfy the following identity, 

{difjk + [Ai,T jk ]) + t(Z ijk ) = 0, (16) 

(3) 

Y {diZ m + a{Ai){Z jkl )) = J2^ij)i B ki), (17) 

(4) (6) 

which are the counterparts of the Bianchi identity in ordinary gauge theories with a one-form gauge 
potential only. Here 5^(4) an< l S(6) represent a sum over 4 or 6 terms that totally anti-symmetrize 
all indices. 



Gauge symmetry of gauge parameters and transformation at triple intersection 

As we mentioned, the Abelian two-form gauge field may be obtained by choosing G = {e}, 
H — U(l) and t — a — 0, the one-form gauge potential Ai is identically zero, and the gauge 
transformation of the two-form potential is bB^ = diCtj — djcti. In this case, there is a gauge 
symmetry for the gauge parameter 

Sat = d l e. (18) 
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It reduces the degree of freedom of the gauge symmetry group. 

For non-Abelian case, we expect to have similar redundancy in the gauge parameters. For a 
generic choice for the crossed module, one may consider the gauge transformation defined by 

A = -t(e), at = + a(A)(e) (19) 

for arbitrary e{x) G h. The corresponding gauge transformation is 

SAi = 0, 5B i:j = a(^)(e) . (20) 

Thus the redundancy exists only when the fake curvature J 7 vanishes. 

The redundancy of gauge parameter is a characteristic feature of two-form gauge fields and 
plays a fundamental role in the geometric structure of gerbes. Consider the base space M. covered 
by local coordinate patches U a . On each patch, we have the gauge fields and Bt a y On the 
intersection of two patches, U a fl Up, the fields (A( a \, B(S) and (Ar^,Br^) are matched through a 
gauge transformation with parameters g{ a p) , a (a,/3) ■ A novel feature of the gerbe which distinguishes 
itself from the notion of a bundle is that there may be a discrepancy of gauge transformations on the 
triple intersection U a fl Up fl Z7 7 . More precisely, there is a freedom to modify the gauge parameter 
by using the degree of freedom (1T9~1) . so that the consistency condition 

g(a/3)9(P"/) = 9(a-y) (21) 

for a bundle is modified to the relation 

g(ap)9(Pi) = t{h{aM))9{ai) ■ (22) 

Here h( a p 7 ) G H is a finite gauge transformation that corresponds to the infinitesimal parameter 
e G h in (1191) . There is an analogous relation for the transformation parameter af^'s, which is the 
integrated version of the second transformation in ffl9|) . Its explicit form is more complicated [9]. 
We will come back to this issue below in $51 



3 Implications of vanishing fake curvature condition 

One may define a gauge invariant action for the gauge fields (A i: B^) by noting that the 2-curvature 
Z transforms covariantly when T = 0: 

L = ~(Z ijk ,Z* k )-±(E 1j ,J*) t (23) 

where Eij G g is an auxiliary two- form field. Variation of produces the condition J-^ = 0. 
We use (•, •) to denote the inner product in h which is invariant under transformations by G, i.e., 
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(a(g)(A),a(g)(B)) = (A,B). Similarly, (•, •) is the inner product in g which is invariant under the 
adjoint action of G. 

This action in general has on-shell gauge-invariance if we define the transformation of E%j as, 

5E lj = [E ij ,X], (24) 

together with the transformations (0EJ). While the inhomogeneous term in (1I4"1) breaks the off-shell 
gauge symmetry, the equation of motion by the variation of the auxiliary field Ey imposes the 
vanishing of fake curvature condition and recovers the gauge symmetry. 

We note that, for some choice of crossed module, it may be possible to recover the off-shell gauge 
invariance. Namely, if there exist a skew bilinear map /3 : h x h — > g such that, 

P{y,y') = -P(y',y), (P(y,y'),x} = (y,a(x)( y ')), (25) 

one may redefine the gauge transformation of Ey as, 

8E ij = [E ij ,\]-2P(Z ijk ,a k ). (26) 

With this redefinition, the action (T23]) has off-shell gauge invariance. 

In the examples of crossed module mentioned in section [21 (I) has such a map, namely, 

P(y,y') = [y,yl y,y' e h(= g) . (27) 

Similarly, for the example (II) when H is the adjoint representation of G, there exists a similar 
map. For such cases, ( 123]) has off-shell gauge symmetry. 

One may also define an action for the self-dual gauge field Z = *Z in a Lorentz non-covariant 
manner [TT1 14], for example, by taking the Lorentz non-covariant Lagrangian 

L = -\{{*Z) Mi (Z ab5 + \e ah ^Z cde )) - \(E ih pi) , (28) 

or its possibly Lorentz covariant version [12J . Here the indices a,b,c- ■ ■ runs from to 4. Except 
for the appearance of an extra gauge field A$, which will be eliminated in the constraint in the end, 
this seems to give a suitable candidate of Lagrangian of the non-Abelian two-form gauge fields. 

In this paper, we will not pursue detailed properties of such action further but focus on the 
implication of the vanishing of the fake curvature condition: 

Ta = F i:i - t(B tJ ) = 0, F^ := diAj - djAi + [A h Aj] , (29) 

since it imposes a strong constraint on B which seems problematic to be applied to M5. Taking a 
covariant derivative of the constraint and using Bianchi identity, we obtain 

= ^2(diF jk + [A, F jk }) = t(Z ijk ). (30) 

(3) 
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It implies that the 2-curvature can only take values in elements ?/Gh with t(y) = 0. From ([21) , such 
an elements should commute with all the element in h, 

= a(t(y))(y') = [y,y'}. (31) 

Hence nonvanishing components of Z belong to the center of h. It is disappointing that, as we will 
see in the concrete examples mentioned in section |2} the system seems to become either free or 
topological. 

Let us now consider each example of crossed modules in §|2]in some details. 

(I) Since t does not have nontrivial kernel, ([301) implies that Z = 0. Thus the first term in ([231) 
vanishes after imposing the constraint. The Lagrangian becomes L = (E, J 7 ), which may be 
regarded as an analogue of the topological BF theory. 

(II) Since H is Abelian and t = 0, the constraint = implies = 0. Thus A{ should be a 
pure gauge and can be absorbed by the gauge transformation. After taking Aj = the action 
reduces to that of a set of Abelian two-form potentials since Z = dB. Interaction through the 
non-Abelian group G is lost, and the theory is free. 

(Ill) Since t : V — > K K V {t{v) = (e,v)) is one-to-one, Z^ = 0. So the Lagrangian ([23]) reduces 
to BF type theory. 

In these examples considered so far, the constraint ([29j) gives either a free or topological theory. In 
either case, it does not fit with the purpose of application to M-theory. 

Let us give a brief (and incomplete) argument that the situation does not improve in general. 
As we mentioned, the kernel of t can be identified with the center C of H. Let T a (a = 1, ■ • • ,n) 
be the generators in C and T a the rest of the generators in H. The structure constant has the 
form [T a ,T p ] = f aP qT® = 0, where P, Q run over all generators of h since T a is in the center. 
Suppose that H has a positive definite metric and f p Q R be anti-symmetric in PQR. It implies that 
f PQ a = 0. As a result, 

Z a = (DB) a = dB a + f PQ a A P B Q = dB a , (32) 
Z a = 0. (33) 

Hence the 2-cuvature becomes either free (namely Z = dB) or vanishes. In this rough argument, it 
seems reasonable to suspect that a system with vanishing fake curvature is either free or topological. 

While it may be still possible to have a system with interaction if the metric of H is not positive 
definite, we try to find a possible modification of the non-Abelian gauge symmetry where we do not 
need the condition (T29[) . 
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Figure 2: Crossed module with an extra map s 

4 A modification of non-Abelian gerbe 
4.1 Definition 

The origin of the condition ffl5l) is the inhomogeneity of gauge transformation for the 2-curvature. 
A hint to obtain homogeneous transformation for 2-connection can be found in |4]. Here we give a 
generalization of [I] which seems to suggest a possible modification of the definition of non-Abelian 
gerbes. 

We start with the information of a crossed module (G, H, a, t), but with the addition of a map 
s (see FigfJD, 

a : G-»Aut(ff), (34) 
t : H->G, (35) 
s : G->H, (36) 

so that their differential forms satisfy the following conditions 

<Mv))W) = M (37) 

t{a{x){y)) = [x,t(y)], (38) 

a([x,t ■ s(x')]){s(x")) = 0, (39) 

a(x)(s(x')) - a{x')(s(x)) = s([x, x']), (40) 

a(x)((l-s-$(y)) = (41) 

for all x, x',x" G g and y, y' G h. We have denoted both Lie algebras of G, H as g, h, respectively, 
and the Lie brackets for both g and h as [•,•]. The first two conditions are identical to (j^J). Last 
three conditions are new and necessary to make the modified gauge transformations to be closed. 
We also need to demand the group H to be Abelian. 

The one-form potential Aj G g and the two-form potential Bij G h transform as 

6A t = <9;A + [Aj, A] +t(ai), (42) 
8 By = diQj - df ai + a(A i )(a i ) - «(A,)(^) - a(A)(B tj ) + a(F fj )(s(A)), (43) 
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with the gauge transformation parameters A G g and a, G h. The last term in (143]) is the only 
modification to the gauge transformation laws we made to the theory of non-Abelian gerbes reviewed 
in £J2J Here we use bold face letters for objects in g, and letters with tildes for objects in h. 

The gauge transformation algebra for ( 1421 and ( 143]) is closed 

[S(i),S(2)] = S(3), (44) 
and the composition rule for the gauge transformation parameters is given by 

A (3 ) = [A(i),A ( 2)], (45) 
«(3)i = a(A(i))(a( 2 )i) - a(A( 2 ))(a(i)i). (46) 



The curvatures are defined by 

Fij = diAj - djAi + [Aj, Aj] - t(B)ij, (47) 
Zw = ^(^fe + aCA^^-aCF^^A^)) . (48) 

(3) 

Note that the last term in (T4"8l) is added in comparison with its definition ffl3|) in §|2j They transform 

as 

5F fi = [F fj ,(l-£.s)(A)], (49) 
5Z ijfe = -a((l-*-s)A)(% fc ). (50) 

As opposed to the case in the covariance of the field strength does not rely on the vanishing 
of the fake curvature Fy here. The operator (1 — t ■ s) plays a role of projection in g such that 
(1 — t ■ s)g becomes a subalgebra of g. 

Furthermore, unlike the set-up in £j2j there is always a gauge symmetry of gauge parameters for 
arbitrary F. Consider a variation of gauge parameters, 

5di = diR + a(Aj)(«), 5 A = -t(k) (51) 

for arbitrary k G h. The gauge transformation is invariant under this variation. As we mentioned 
earlier, such a symmetry is used to allow a relaxation of the consistency condition of transition 
functions at the intersection of three patches. 

The Bianchi identities are 

E (3) {diFjk + [A,, F ifc ]) + t{Z ijk ) = 0, (52) 
E ( 4) (diZw + «(Ai)(^)) + E( 6) a(F«)U(Ffci)) = • (53) 
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4.2 Explicit construction of {G, H, a, t, s) 



A class of nontrivial examples of the data {G, H 1 a, t, s) needed in our definition of a non-Abelian 
gerbe is given as follows. □ We start with the example (III) of crossed modules in £j2j Namely, we 



ampl 

J- 

define G as the semidirect product G = K kV with the group multiplication rule, 



(k\,v x ) ■ {k 2 ,v 2 ) = {fa ■ k 2 ,V! + p{fa)v 2 ) , fa,k 2 eK, v 1 ,v 2 eV. (54) 
An element in g can be denoted as (x, y) G g with 16k and y G V. The commutator of g is defined 



as 



[(xi,2/i), {x 2 ,y 2 )\ = {[x 1 ,x 2 ],p{x 1 ){y 2 ) - p{x 2 ){y x )) . (55) 
We identify h with V, and let 

t_{y) := (0,My) yeV, (56) 

a{x,y 1 ){y 2 ) := p{x){y 2 ) x e k, yi, y 2 e V , (57) 

s{x,y) = M~ x y, (58) 

where M is an invertible linear map M on V with the property 

[M,p(x)] = 0, VxGk. (59) 

By Schur's lemma, M should proportional to identity matrix in the irreducible subspace of V. 
Loosely speaking s is the inverse of the map t and satisfies 

s-t_{y) = y, t_-s{x,y) = {0,y) (60) 

for arbitrary x € k and y G V. Note that the map t ■ s is a projection from g to h. We will also 
need its complementary projection 

II := 1 — t ■ a, (61) 

which projects g to k as 

n(x,y) = (x,0). (62) 

One can check that all the requirements (|37|) - (|4ip are satisfied. 

We introduce two one-form gauge potentials A4 G k and G V, so that Aj := {Ai,Ai) G g, 
and a two-form gauge potential Bij G V. Associated with them, we introduce zero-form gauge 
parameters A G k, A G V, so that A := (A, A) G g, and 5j G V. 



1 The same construction is given in a different but equivalent description in the appendix. The formulae here are 
more explicit, while those in the appendix are more compact. 
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The gauge transformations (142]) and (143]) can be matched with ([6]) and ([7]) up to the last term 
in (S3]). Explicitly, 

<L4< = 9,A+[A,A], (63) 
5Ai = ^A + p(A)(A)-p(A)(A) + ^«i ! (64) 

According to (1471) and (148]) . the field strength Fjj e k and Fy , Zij k e 1/ are 

^ = ^-a.-A + tA,^], (66) 

F^ = diAj-djAi + piAi^A^-piAjXA^-MBij, (67) 
4fc = ^(diBjk + piA^Bjk-M^piFij^Ak)^ , (68) 

(3) 

such that Fjj = (F^, F^) G g. Following ( 149]) and ( 1501 . all curvatures transform homogeneously, 

= [Fy, A] , (69) 
SFa = -p(A)(F,), (70) 
= -p(A)(Z ijk ) . (71) 

The subalgebra (1 — t ■ s) g is identified with k. 
The Bianchi identity for curvatures are 

Y^ t (d i F jk + [A i ,F jk ]) = 0, (72) 

(3) 

+ p(Ai){F jk )) + MZ ijk = 0, (73) 

(3) 

J2 [piZ m + p(A)(4- w )) + p{F l3 )(M~ l F kl ) = . (74) 

(4) (6) 

The dependence of the gauge algebra on M can be undone through the redefinition 

A i = MA' il Fj = MF(, A = MA'. (75) 

In terms of A', F', A', the map M disappears from all equations above. 

We suspect that the data (G, H, a, t, s) which satisfies (J37HH]) may be restricted to this example 
while we do not have a general proof. 

4.3 Lagrangian formalism 

Since the gauge transformation is homogeneous for all curvatures, the construction of gauge invariant 
action is straightforward. For simplicity, we use the modified non-Abelian gerbe in the previous 
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subsection. A standard gauge invariant action is, 

L = -iTr(^) 2 - \{F lv F ij ) - ±(Z ijk , Z» k ) . (76) 

Here (■,■) is an inner product in V which is invariant under the action of K. We notice that 
this system has a natural structure where the gauge field By acquire mass through Stueckelberg 
mechanism. 

In order to see it, we take a look at the gauge transformation of A\ ( I64p . It is possible to take 
Ai = by choosing c^. With this gauge fixing, (JBTjl becomes —MBij. By putting this value 
back to flTBI) . one obtains, 

L = -^Tr^-) 2 - ±(Z ijk , Z« k ) - \{MB ih MBV) . (77) 

The matrix M is proportional to unit matrix for each irreducible representation. We decompose 
the vector space V into irreducible subspaces, 

V = ®aV {a) (78) 

then M is written as, 

M = ® a m {a) E {a) (79) 

where is the unit matrix acting on V^ a \ If we decompose Bij into components the action 
( I77p gives mass |m^| for B^J . 

Roughly speaking, A\ plays the role of the Stueckelberg field with respect to B^, and in a 
perturbative theory we expect that B^ eats up A to acquires mass. This is a generic feature of our 
formulation of non-Abelian gerbes. 

Interestingly, the interaction remains for B^ through the gauge field Ai even after the mass 
generation. This is a novel feature which was not present in the examples of §21 There is no direct 
interaction among B^' with different representations while there may be a mixing among fields in 
an identical representation. 

If the base manifold Ai has five dimensions, one may impose a duality condition between A and 
B as, 

Z§ = \e mm PW™ , (80) 

since these fields transform the same way. Again, at the linear order, one may replace the right hand 
side by ^e ijklm B^ lm which gives rise to mass \m^\ for B^j\ We note that this is a generalization 
of the non-Abelian self-dual gauge theory for multiple M5-branes compactified on a circle [1] . More 
precisely, on the uncompactified large 5 dimensional worldvolume, the gauge theory on multiple 
M5-branes is an example of the non-Abelian gerbes defined in this paper. There V is replaced by 
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the infinite tensor product of adjoint representations for KK tower and \m^\ by KK mass. The 
gauge invariant action which produces (180]) was also constructed. In this set-up, Ai and are 
identified with KK modes of and Bij in six dimensions while Ai be identified with the zero mode 
of and K be identified with SU (N) with iV the number of M5 branes. While we do not repeat 
the arguments here, we believe that this is the most natural set-up for non-Abelian gerbe for the 
description of the multiple M5-branes. 

Instead of using infinite tensor product of adjoint representations for V, we may use arbitrary 
representation of K. This may be helpful to understand the 0(N 3 ) entropy issue of multiple M5 
branes through changing the representations for KK modes (see for example [13]). 



5 Geometric construction of non-Abelian gerbes 
5.1 Finite gauge transformation 

For the convenience of the discussions later, we need a description of the finite gauge transformations, 
which can be viewed as an exponentiation of the infinitesimal gauge transformations introduced 
above. For clarity, we use the explicit form of (G,H,a,t,s) given in subection 14.21 Namely, we 
have G = K tx V and H = V, etc. But the formulae here can be trivially extended to the general 
case of (G, H, a, t, s). Without loss of generality, we set M = 1 in the definition of t, s. 

The finite gauge transformation parameters are 

g= (fc,A) e Kx V, a,eV. (81) 

As we defined, the composition of two elements in K x V is (fci, Ai) • (k 2 , A 2 ) = (kik 2 , Ai + p(ki) A 2 ) , 
so the inverse of g = (k,A) is g^ 1 = (k^ 1 , — p(A; _1 )(A)) . The adjoint action of g on A = (A, A) e g 
is 

g ■ A ■ g' 1 = (k, A)(A A){k~\ -p{k~ l ){k)) = (kAk'\ p(k)(A) - p^Ak^A)) . (82) 

With the help of these formulae, the gauge transformation (jlj) becomes 

^ = (A$,A! i ) = gA i g- 1 +gd i g- 1 + t(a i ), (83) 
A\ = kAik~ l + kdik- 1 , (84) 
A! { = p{k){A i )-{d i + p{A! i )){A) + ~a i . (85) 

The gauge transformation (jSJ) is modified to 

B-j = Oi{g){Bij) + a(A-)(a j ) - a(A£)(5i) + - fya* + gsiY^g' 1 - a(^F y ^ _1 ) 

= p(k)(B i:j ) + p(^)(%) - p(4)(^) + diQj - djOi + pikF^k-^CA) . (86) 
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These transformation laws are consistent with the infinitesimal gauge transformations (|63H65|) . 
They also constitute a closed algebra of gauge transformations. Define the operator T(k,A,a) as 
the gauge transformation with gauge parameters (k, A) 6 G and hi G H. One may show that, 

T{k^\U l \af ) )-T{k^ 2 \U 2 \a!f ) )^) 

= T(kWk&, A« + p(k^)(~A {2) ),~a^ +p(A;«)(sf ) ))(<l>) (87) 

for $ = Ai,Ai,Bij. 

Let us denote the parameter space of gauge transformations by 

g-.= {(k,A,a)e(G,V)}. (88) 

The composition rule f|8T|) of gauge transformations induces the notion of a product in Q 

A« a? } ) • (A^A^a?)) = (ifeWifeW^W + p(fc< 1 >)(A< 2 >),aj 1) + p(A;«)(af ) )). (89) 

The redundancy of the gauge transformation can be written as (with g = (fc, A) 6 G and flsF) 

(A/, A') = (k,A + £l), % = a i + d i fr + p(A! i )(n). (90) 

The first transformation is the component form of g' = t(Q)g. Correspondingly, we define an 
automorphism R(Cl) on the parameter space Q of gauge transformations by 

R(Q)(k,A,a) = (k',A',a') (91) 

so that 

T(R(n)(k,A,a))=T(k,A,a) VOeV". (92) 

From ( 190|) we see that R(Q) depends on the potential A'. 
The finite gauge transformations of the field strengths are 

F^kF^k- 1 , F ij = p(k)(F ij ), Z ijk = p(k)(Z ijk ) . (93) 
5.2 Non-Abelian gerbes as a generalization of bundles 

The notion of nontrivial bundles is important in theoretical physics. A nontrivial bundle, e.g. that 
of a magnetic monopole, can be constructed by specifying transition functions on a manifold. By 
analogy, we expect the existence of topologically nontrivial (non-)Abelian gerbes that can be con- 
structed by patching local descriptions of gauge potentials together via transition functions. While 
the discussions above are sufficient for describing local fluctuations, we also want to understand 
the topological issues of non-Abelian gerbes. In this section we aim to understand the geometrical 
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data for constructing a non-Abelian gerbe from local patches. Despite differences in the rules of 
gauge transformations, the basic idea behind the construction is essentially the same as that of 
other definitions of gerbes in the literature. (See e.g. Sec. 5.3 of [9].) 

A fiber bundle defined on a manifold M. covered by local coordinate patches U a can be con- 
structed by specifying transition functions Q{ a p) belonging to the structure group G on each inter- 
section of two patches U a p := U a r\Up. Over the intersection of three patches U a py := U a nU^nU^, 
the consistency condition for the transition functions is 

g (arr) = g{°0)gW) m (94) 

This is essentially the rule of composition of gauge transformations. 

Similarly, the gauge transformation (!84|) - (l86|) defined above allows us to patch together locally 
defined potentials A, B on a manifold A4. On the overlap of two local coordinate patches U( a p), we 
match the potentials on each patch via transition functions (k^\A^\a^ ) as 

r M) = $ («) } T <*fj) ._ T {k^\~A^\af p) ) (95) 
for $ = Ai,Ai, Bij. Consistency of the local patches imply that 

A crucial difference between the ordinary gauge symmetry of 1-form potential and the gauge 
symmetry of gerbes is that the latter has a degeneracy in parametrizing gauge transformations (|90|) . 
This equivalence relation is generated by R(Cl) ( 19TT) as an automorphism on the parameter space 
Q of gauge transformations. It leads us to generalize the notion of fiber bundles by relaxing this 
consistency condition AM]) to 



pCcry) = RW)(pW) . p m) i R^-=R(n^) (97) 

for some VL^ a ^ G V. Here we used p^ a ^ etc. to denote an element in Q: p( a ^ = [k^\A\ a ^\ a^ 13 ^). 
Namely, 

fc (a7) = k^k^, (98) 
A(«7) = AM + p(fcM)(AM)+n( a W, (99) 
af 7) = a!?® +p{k^){a!f l) )+d i n^^ (100) 

These are essentially the composition laws of two consecutive gauge transformations twisted by a 
transformation (1901 of the gauge symmetry of gauge symmetry. While the composition for gauge 
parameters k, A depends only on the twist parameter Q^ a ^\ the gauge field appears in the 
transformation of a^ 7 '*. In the Abelian case, such a term does not show up, and it is a new feature 
of non-Abelian gerbes. This difference is one of the reasons that make non-Abelian gerbes less 
straightforward to define than its Abelian counterpart. 
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Eg. ( I97j) is at the same time a consistency condition and a definition of Q^ a ^ associated to 
each intersection U/ a ^ 7 ) of 3 patches, as part of the data for the geometric construction of a gerbe. 
To proceed further, we have to be more explicit and divide the information in p^ a ^ into two parts 
(g( a/3 \ a (a,3 * ) ), as they have to be treated differently. For the part of g^ a ^ in the equations (1981) 
and (199]) can be summarized as 

h Wi) = gWigmgW- 1 £ t (H). (101) 

where h^ a ^ = (lk,^ a ^) and 1& represents the unit element in k. 

As a result of the definition of h^ a/3 ^ by (110 II) . an additional consistency condition for the data 
involving h^ a ^ should be satisfied on each intersection of 4 patches U a ^s '■— U a D Up D U 1 D Us as 

where 

h {MS)^ i=g W h <fiTS) g (afO-\ (103) 

and 1g represents the unit element in G. 

While the relation (11021) is derived from ( 1991) as a consistency condition on h^ a ^ , an analogous 
consistency condition can be derived from (llOOp . In terms of 

A^ 7) := 8iQ^ + p(4 a) )(^ M7) ), (104) 

the consistency condition is 

+ ^(a^)-1^097«) 5 M))-l^( a W^(/37<i)5( a «^( a W + ^HiJ-l^Ws^^a^ + ^PS) + 

.^-i^WJwij-i^/iW'wi/jM + h&M^awhW*) = 0, (105) 

where 

In the Abelian case, this consistency condition can be proven to be a consequence of the consistency 
condition (I102p . which is independent of any information about g^^ or other fields besides /i^ 7 -*. 
One can claim that, given a set of h^ a ^ satisfying the consistency condition fl 1 2 j) . one can always 
find g( Q/3 ) and aS 01 ^ to satisfy ( )9~T|) . Furthermore, one can set = and find B^ a ' consistently 
on all patches. 



2 Here we assume that there is no redundancy in the parametrization of the gauge symmetry of gauge symmetry 
by Q G V. 
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However, in the non-Abelian case, since the consistency condition f 1 1 2 j) has explicit dependence 
on g( al3 \ we cannot impose consistency conditions on h^ a/3 ^ without giving g( a ^ first. The in- 
formation we need to construct a geometric structure which admits a consistent solution of the 
potential B^ a > satisfying ( 1951) for $ = B on all intersections Ut a p) of two patches is an assignment 
of g( a/3 ) and A'"' such that h ( - a ^ defined by f l97|) belongs to H on all intersections Ut a p^\ of three 
patches. Once g^^'s and A^'s are all given, aS a ^ is uniquely fixed by fl95l) for $ = A, and the 
consistency condition ( 11051) is automatically satisfied. In other words, one has to first choose the 
geometric structure of the 1-form potential before defining that of the 2-form potential. It will be 
very interesting to find explicit examples of topologically nontrivial non-Abelian gerbes. 

6 Conclusion 

In this note, we summarized the basic material about non-Abelian gerbes and its application to 
M-theory. In particular, we pointed out some of the difficulties associated with the fake curvature 
condition and a way out by modifying the gauge transformation for some limited classes of crossed 
modules which accept the existence of a map s : G — > H with certain constraints. 

Obviously, there are many things to do in the future. One of them is to understand the topolog- 
ically nontrivial configurations for such system as discussed in the last section. Another important 
direction is to find more general classes of gauge transformations which modify the non-Abelian 
gerbes with better mathematical features. In particular, at this moment, the fields which take 
values in V interact only through the gauge potential corresponding to the gauge group K. We 
would like to know if this will be a general feature. A hint toward such direction has already been 
given in the analysis of [6]. 
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Appendix 

In this appendix we introduce an alternative notation for the modified non-Abelian gerbes intro- 
duced in the paper. Most equations are simplified in this new notation. 

For the semi-direct product G = K x V, we denote its Lie algebra generators as {T l , T a }, where 
T l 's and T a 's are the generators of k and h, respectively. The representation p on V defines a matrix 
p(T l ) a b for each generator T\ The Lie algebra g is then of the form 

[T\T j ] = f ij k T k , (107) 
[T\T a ] = p(r) a fe T fe , (108) 
[T a ,T b ] = 0, (109) 

where f^k is the structure constant of k. In this notation, the maps a, p are realized in terms of 
Lie brackets; 

«( x )(2/) = p{x)(y) = [x,y] (x G g, x G k and y eh). (110) 

Similarly, the appearance of a, p can be avoided using the following identities 

a(g)(y) = gyg~\ P {k){ y ) = kyk~ l (g g G, keK and y eh). (ill) 

By identifying V with a subalgebra of g, and the map t is just an identity map and can be omitted. 
The only two maps that have to be kept manifestly are s and II. The are the projections that maps 
an element in g to the part generated by T l or T a , respectively. That is, 

s(T) = 0, s(T a ) = T a ; 11(7*) = T\ Ii(T a ) = 0. (112) 



Let us rewrite some of the relations in the main text in the new notation. In the new notation, 

under an infinitesimal gauge transformation, the one-form potential A { G g and the two-form 
potential Bij G h transform as 

5A = [D,A] + a, (113) 

SB = {D,a}-[A,B] + [F,5(A)], (114) 

where 

T) = d + A (115) 

and the gauge transformation parameters are A G g and ctj G h. 
The gauge transformation algebra is given by 

[^(1), 5(2)] = 5(3), (116) 
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where the transformation parameters for 5( 3 ) are 



A( 3) = [A (1) ,A (2) ], (117) 
o ( 3) = [A(i),o ( 2)] - [A( 2 ),a ( i)]. (118) 



In the new notation, the field strengths are 



F = D 2 -S, (119) 
Z = [D,S]-[F,s(A)] (120) 



and they transform covariantly as 



5F = [F, 11(A)], (121) 
5Z = [Z,A\. (122) 

For finite gauge transformations parametrized by g G G and a G h, the gauge potentials trans- 
form according to 

D' = g(D + b)g~ l = gF)g~ l + a, (123) 
& = gs( K (D + b) 2 ')g- 1 -s(gFg- 1 ). (124) 

where 

b := g-'ag. (125) 

In the limit of infinitesimal gauge transformations, b — a. 

The composition of two consecutive finite gauge transformations by (<7(i),a(i)) and (<7(2), <J(2)) is 
equivalent to a gauge transformation by (<?(3),a(3)) with 

9(3) = 9(i)9(2), «(3) = + 9(1)^(2)9^)- (126) 

The gauge symmetry of the finite gauge transformations is an equivalence relation 

(g,~a)^(g',~a') (127) 

with 

9' = hg, (128) 

a' = a + ^ -1 [D',/i] (129) 

for arbitrary h G H. The finite gauge transformations of the field strengths are 

F' = g- 1 Fg + s(g- 1 n(F)g), (130) 
Z = g-'Zg. (131) 
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